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AOTION IN TWO DIMENSIONS

Projectiie: | _ -

A body thrown at some angle 6 above or below the horizontal such that
(0 < 6 <mw/2) and moves freely under the action of grav 1tv is called projectile. o
Projectile Motion: :

The motion in which a body has constant horizontal component ot velocity but
changing vertical component of velocity is called p[’O_]eCIIlL, motion,

Examples:
1.  Motion of a football kicked by a player. .
2. Motion of a bomb released from a horizontally flying airplane:.” *
Assumptlons for Projectile Motion: .
1- The acceleration due to gravity “g” is coustant over fhe range of monon md is
directed downward. :
L2~ The effect of air resistance is negligible.
'3-  Rotation ofthe ea1 th does not affect the motlon

" Consider a plO_]CL(IlC shot with Veloc;1ty Vo at.an angle 6 with the horlzontdl ‘as

: shown in the figure. The initial veloc1ty Vo of the pI’O_]ECtllt can be resolved mto two

rectanguldr components.
1- Vn\ along horuontal axis-

2- Vo, along vertical axis - .
The magnitude of these components
are given by:

V(}_‘ = \‘VO CosH

Vuy = ‘/YU Sind

If air resistance is negligible and the rotation of earth does not affect the motion, then
horuontal “e.ocny at any instant “t” will remain constant and is ngen by )
V "VO-("‘V() COSB 3
“The vertical velocity will decrease during upward motion and increase durm(‘
downward motion. Final vertical velocity *'V,” at any wnstant “’t” is given by.
' Vi, = Vi tayt - '

| Viy =Vy :
Viy=Voy = V, Sin
‘ u=-g
Vy= Ve — gt
OR IVv =V, Sind — gt]v(Upward motion)

OR I\"v =V, SinQ + gd (Downward motion)
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TIME TAKEN BY THE PROJECTILE TO REACH THE MAXIMUM HEIGHT:
Deﬁmtlon:

It is the time required by a prOJectllc to reach its maximum height.

Derwatmn' ‘

] If “t” be the time taken by the projectile to reach the maximum height then it can. .
be found by using formula: :

Vi =V, +a;t
Where Viy = Voy = Vg Sin 0
e
Vi =V, =0
0=V, Sin 0 -gt >
gt=Vy8in0
AT (1') ,
o : -
MAXIMUM HEIGHT REACHED BY THE PRO]ECTILE
Definition:

. The maximum vertical distance attained by the projectile is called maximum
height. It is denoted by ‘H”

Derivation: : : :
The maximum height reached by the projectile can be found by cunmdermg
vertical motion from O to A,

Y =Vyt+ —é- a,t’ ‘

Where Vi = Vo= Vg Sin 0

(= VySin®

g
Q=—g
Y=H

H Voslnevslne _( )[vsm]

H_= VOSin 0 —-—g VOSm ¢]

g 27 ¢
- v, Sin’® 7 Sin’%
‘ g . 2g
- 2v, Sin’8 - v, Sin’0
. 2g
2
Sin’g
H = _‘ic"zli_ ——(2)
g
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TOTAL TIME OF FLIGHT OF PROJECTILE:
Definition: , | ' .
 The time during which projectile remains in air is called its Total time of flight “T”.
Derivation: , '
It can be found by formula by considering its vertical motion from O to B.

1
Y:Viyt+5 Qytz

Where Y=0
’ \Ii}' = Voy = V() Sin b
.ay=_g
t=T

" 0=V,Sin6T +%(~ g)T?

0=V,Sin®T- %gTz»

%gTZ ~V,Sin0T

%gTzVO Sin®

T

2V, Sin®
- | R N
" RANGE OF THE PROJECTILE:
Definition:

The horizontal distance covered by the projectile between point of projection and
point of return to level of projection is called ‘Range’ of the projectile and is represented
by G‘R'!!- . . K N

> (3)

Derivation: N\ | . o |
It can be found by fermula by considering its horizontal motion form O to B.
1 ,
X:Vixt+ ‘2““ thZ
X=R
Vix S Vo Cos 8
A
o 2V,Sin@
' g
ay=0
< AVANS ‘ . I
R_‘:VuCOS 6 Xz—ﬂg + -1— xOx{M}
g 2 g -
R = Vo'@Sin0Cos0) , g
E

We know that Sin 20 = 2 Sin‘B Cos 8 '
2 )
;) [ — @)

o :
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The Maxrmum Range: '

V,"Sin26 ‘
As R= e »(5)
g :
If Vo and “g” are constants, then equanon (5) shows that “R” is maximum when
the value of sin20 is maximum. - T
The maximum value of sin2 6 =1 ' Yoo
- 28 =Sin" (1) .
26'=90° ‘
. 0 =450, 802" 45°
: A 30°
“putting R = Rynac and 6 = 45 in eq (5) ) ‘ .
T 0 X
P 40 . .
Ry = Yo Sin 2 x45 v : ‘
: g ——p R max -

Sin 90°

Rmux = Vu Sm 90° =
g
Ruwe= Y0« | s ()~

Thuszfor maximum horizontal range the angle of projection should be 45°.
Pro;ectlle Trajectory OR Position of Projectile:

The path fcllowed by a prolccn!e is referred as its “trajectory”. The position of a
projectile at any instant “t” can be found by knowmg its horizontal displacement “X”
and vertical displacement Y.

The horizontal displacement ¢ X” is gwen by

o X = V()‘t R -
iy X =V, Cosbt , ,
OR X . o
V,CosH .
The vertical displaccment “y’ is given by:- . A S
L Y=t de S S
OR Y= (VOQmG)t—l_,z N |

By putting the value of “t” flom ‘equation (x) we 0et

Y = VQSInQ( X ) g( X J
V,Cos® V,Cos6

Sinf }\2

v =X
] CosG

X g >
"VICos’0

ke

For a given value of “0” & the initial velocity of the pro;ectlle “Vo”,,“tanG” '
“SecB” & “g” are constants. '
Therefore if we put v o

a ='tan® . B =

2
'Y=XTanB— (
2LV,
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>-Sec’d we get

[

Y = agx - lbxz
2

This equation shows that trajectory of a pro;e(,tﬂe is a parabola as 1t the standard
equation of parabola: g

Angular Displacement: .

Consider an object moving along circular path of
radius *“r” consider further that the object initially at the
peint Py on the circumference of the circle. After a small
interval of time, it moves to the position P,. The angle
P,OP; or 6 1s called Angular Displacement of the
particle or the object.
Measurement of Angular Dlsplacement.

The angular displaccment is measured in degrees Another unit for the
measurement of angular displacement is Radum A ' :
Degree: : :
If the circumference of a circle is divided into 360 equal parts, the angle made by
cach part at the centre of the circle is called one degree i
Radian: : .
It is the angle made at the centre of a Clrcle where the arc length s’ is equal to the
radius of the circle.

Arc P, P> = r =radius of c1rcle

APOPZ—IRadnn ‘

Angular dmplacernent in radian.can be found by usmg formula.

Lenoth of arc -
Radius of the circle o o .

If length of the arc P; P, =S, radius of the circle = r, then angular displacement 6.

in rachan is given by: : s

Angular displacement =

g=2
. r
OR [S=r0

Relation Between Degree & Radian:

When a particle completes one revolution, its angular dlspiacement is equal to 360° Le.
8= 360° comm e W
In one revolution length of the arc “S™ is equal to the circumference of the circle.
-  ie.  S=2mr

O (in radian) = 2,
Va

6 = 27 radian —--—---m - e (2)
comparing equation (1) & (2)
2x radian = 360° '

o -
I radian = 200 - 380 _7x360 _ 55 50
. 2t Zng 44 :

7 .
2r _ 2x22
1360 360x7

similvarly, 1= =0.01745 radiaﬁ '
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Angular Velocity:

" The angular displacement covered-by a body in unit
time or rate of change of angular displacement is called
“dngular Velocity”. 1t is denoted by “ & . :

Consider a body moving counter clockwise in a circle of
radius r. If the angular position of P is at a time “t;” is 6, & ata
later time *“t,” its angular position is 0, with is respect to the x-axis
then the c‘lange in angular displacement .

0;—6,=A0

The time interval t; — t; = At. The magnitude of
average angular velocity i.e. average angular speed “w,,” is
given by: @ = 48

vAt
Instantaneous Angular Velocuy

The angular velocity of a body at any instant is called instantaneous aqgu.ar velouty.
_ Lim A8

At—>0 At

Unic:
{1) Radian per second [S-I Unit]
“(2) Degree per Second [B-E System]
(3) Revelution per Second . -
Direction: ,
The direction of angular velocity can be found by right hand rule.

Right Hand Rule:

If we hold the axis of rofation in right hand and rotate the fingers of right hand along the
direction of rotation, then the thumb will show the direction of angular velocity. i

E

>t

Angular Acceleration:

The rate of change of angular velocity is called “angular acceleration ™. It is denoted by “ @&~

Consider a body moving in a circle of radius “r”. If W, & @; be the macrmtudes of the
instantaneous angular velocities of the body at & t; respectively then ﬂVCI‘ngL angular
accetc,ratlon ‘ta IS given by:

oy~ Aw
t, —t, At
lnstantaneous Angular Acceleration:

The angular acceleration of a body at any instant, is called instantaneous angular acce] eration.
Lim A(o :

At—Q At :

gy =

Unit:

{1} - Radian per second (rad/s?) [S-I Unit]

(2) Degree per second per second (deg/s%) [B ‘E System]
(3) Revolution per second per second (rev./s*)
Direction:

If © is increasing then ¢ is in the direction of @ and if ® is decreasing then « is opposite tc
the direction of »
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Relation Between Angular and Linear Quantities: -
1 Relatlon for Velocity:

2?7
Consider a pamcle ‘P” in an 0

I
radius “r’* about an axis O, (axle of the wh
as shown in the figure.

Suppose the particle “P” rotates through an angle ‘AD” in a time “At”. If “AS” is
the length of the arc described by the particle then:

ect (whe el rotating along a circular path of

=7

eel), erpendlcular to the plane of the paper,

‘ S
ro=2
R §

Dividing both sides by At,

28 _ 1S

At T At
OR AS_ A6

' At At

If At approaches to zero then we can write

Lim AS__ Lim A0
At —0 At At—)O At

Lim AS _, _ : .
But ' Zt-v—vi“s = instantaneous linear speed.
Lim 46 I \
And At—>0 Ag =0 instantaneous angular speed.
Vins = r(oms “If the particle is w1th constant angular velomty ‘w” then; '
' V=rm ' .
Tangential Velocity: The velocity, which is tangent to the circular path, is called
tangential veloczty' It is given by: Vi=ro

2-Relation for Tangential Acceleratlon'

The acceleration of a particle which is tangent to the circular path is called
“tangential acceleration”. Suppose a particle rotating about a fixed axis, changes its
angular velocity by “A®” in a time “At”. Then the change in its tangential velocity,
(linear velocity), “AV," at the end of this interval is:

AVi=r1A ©
Dividing both sides by At
AV, — Ao
At At

If “At” approaches to zero then

- Lim AV, __ Lim Aoj _
At—->0 At At —0 At .

Lim AV, _ 2
At—0 At ins ‘
. Acceleration or instantaneous linear acceleration “ajps” &

LA AV,
ALtlﬂ 0 —Zt—— Qins mstantdneous angular acceleratlon o then:

a=aq=1rac |

In vector form a=a, =axr

But = instantaneous tangential
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3-Relation for Time Perlod
The time required for one complete revolution or cycle of the motion is calted
“ime period™. Tt is denoted by “T7.
The angular velocity of a particle (body or object) is given by:
(D =
‘ ot . .
If 8 = 2w i.e. particle completes one revolution, then
t="T ="Tune period :
2 .
o == ~oOrR | =" . —
T ' . o - :

I

Centripetal Acceleration: -

The acceleration of the body directed towards the
centre of a circle is called “centripetal accélemtion
Consider an  object moving wnh constant speed “V” i
a circle of radius “r” '

- Let at time “t .” object is at point P & its linear

velocny is V1 At a later instant “t,” veloc1ty is’ Vz The

‘ change in velouty “AV” durmg time At = to—t; is given : .
by : ; : : - j
AV = Vzw Vr‘ as shown in ﬁgure The magnitude of véiocity ts constant;

Jle. . Vi=V,=V \ , :
The change in velocny is due to the change in direction of vclomty of the Ob_jC'Ct

Since the velocity vectors V1 & Vz are perpe,nd:cular to rac’m OP & 0Q.
ZPOQ = LZACB = AB
Triangles POQ and ACB. are lsosceh,s therefore their remaining amﬂes P & Q are
equal to A & B. » . :
Hence triangles POQ' & ACB are similar.

AV
' 2R But VI—V- Cy
V, T ‘
AVBS op avavAS
. v r r
Dividing both sides by At
AV_V a5,
At r At

If At approaches to zero then we can write
Lim AV _V Lim AS

A0 At r At—0 At

Lim  AS -
But At —vams =V
Lim AV
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Equation (1) gives.the magnitude of the centripetal acceleration while its direction

will be same as that of AC’. When At approaches to zero A8 will be very small and {;2

g -
will be just paralle! to V1, hence the direction‘of AV will be towards the centre of the

—

circle. Also the direction of centrlpetal acceleration a. will be towards the centre of the
circle. :

Centripetal Acceleratlon in Terms of Angular Velocnty and Time
Period: :

If “@” be the angular speed i.e. magnitude of angular Ve]Othj Of the obJect then
V=rw put this value of “V” in equation (1), we get

r’'m’
a =
r - .
OR A, SO [ -—-mmmeemmem—e—eemeae 2)
I£“T” be the time period of the object then ' X
: . el
=2 OR o= .'
. (O] ’ T
Put this value of “w” in equation (2), we get
a,_ 4n'r ) l
T!

Centripetal and Tangential Acceleration:

The acceleration of an object directed towards the centre of a circle is called
“Centr ipetal Acceleration™ and the acceleration of the object tangent to the curve path’
.is called “Tangenrtal Acceleration”, :

Consider an object' moving in a circle of radius “r’
with variable wvelocity. "The object posseses both
centripetal as well as-the tangential acceleration. The

cc 113

centripetal acceleration “a_.” is due to the change in
direction - of the velocity while~tangential acceleration

—-

a, " is due (o the change in magnitude of velocity. Both

K13

the accelerations are pemenduular to each other. The

resultant are acceleration “a ™ can be obtained by using
vector diagram g = ac +c<$ . The magnitude of 3 is given
bya= Jal+a? T

The direction of @ with respect'to @, is given by:

tand = A OR - o¢=tan' == &
% .




PRACTICAL CENTRE (KARACHI)
VISIT US AT HTTP://WWW.PHYCITY.COM

Centripetal Force:

The force vshuh is dlrected towards the centre of the circle is called “Centrzpetal

Force”
Conmdu an object of mass *

’ moving in a cn'cle of radius “r

X!|-Physics Chapter# 4, Page# 12

YIS

spee.d ‘V” The centripetal a«,celeranon e ot the object is gwen by:

VZ

“r

Since the direction of velocity of the body is
changing continuously, therefore, according to the first law
of motion, some force is acting on the body continuously.
This fowe is. known as centr ipetal force and I represented

byh e i

By Newton’s 7"“ law’ of motion, magnitude of the

u.,ntrlpetal force is given by:

2
Fc - mV L
. “r k

\*103

j_k.Centrlfugal Force.

If“co” bc the angular velomty of the obJect then

with constant

«The” “force which -is dlrected away from the Cemre of the cucle is called

"“‘Centrtfugal Furce " 2NN, i Y

:_Relatlon Between ‘Linear And Angular Motion:

o Lmear motion
(Constant Acceleratlon “ ”)

_ Rotational motion
(Constant Angular Acceleration. “a”)

- S=wt

6=owt
2.- Vi=Vitat o = ; + at
1. ViRV, : C W+
3- V=T -, Way = Wr F 0,
s et 2 o "2
4- S = Vit+ 1af 8 =t + +at?
2 - 2

260 = o~ .
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Q. SHOW THAT Ruax = 4‘Hmax

. Sin 70
Ao H pae = Veoiit Y
: 2¢
For maximum range
0 = 450
~V, (Sin45°y
Almax T 2g
()
VolTF7=
Hmax = -\/_2_ Sin 45_0 =0.707 = L,——
X 2g ~2
vixl
Hmax - 2
Vz
Vo
. Hmnx 40
Ve LV
4 I—{nu ° . an\x = X—‘l
g g
" 4 Hl“ﬂ;i = R

fR..,ax = 4 H.‘,MIProved ‘

' Q SHOW THAT THE RANGE OF PRO]EC"I.E IS THE SAME FOR
9 =45" +a and 0 —+5°-oc o

where a < 45° ) .
v Sin'20 , , Sin 20
As R=Vol R
: g . DU -
0=45"¥ a - 0'=45"- 0o
A v, Sin 2(45° +a) LA R Vo Sin 2(45 —o.)
R Vo Sin (90" +2q) S '  R vZ Sin (90" “2‘a)
_ g ' g
Sin(90°+20)=Cos 2 ~ Sin(90° -2 ) Cos2a
_ v, Sin Cos2o. 1) v.'I‘{_'v= Vu Sin Coqu L)

Comparing equation (1) and equation (2)

R = R




