B. Sc. Physics (H.R.K) Chapter 38: Inductance

INDUCTANCE

Inductance
Consider a coil wound on a cylindrical core. Assutimat the current in the coil either increases or
decreases with time. When the current flow throtlghcoil, a magnetic field will be set up inside toil as

shown in figure below.
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As the current changes with time, the magnetic thmough the coil also changes and induces an emf

I decreasing

in the coil. This induced enaf, is directly proportional to the rate of changeofrent %.
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= a
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g = —L pr

The negative sign is due to the fact that inducatl@pose the cause which produce it. The symbol
is the inductance or self inductance of the coilchlis described as:

“The ratio between the induced emf and the rate of change of current”
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The unit of inductance is Henry. The inductanca obil is one Henry if an emf of one volt is inddce

L=—

in it, when the current changes at'the rate ofamnpere per second.
1 volt
1Henry = —————~=1VA1s
1 ampere)
( second

Inductance of a Solenoid
Consider a solenoid of lengthhavingN number of turns. If the currehtflows through solenoid, then

magnetic fieldB produced is given by:

NI
B=”°

= pon
Wheren = % is the number of turns per unit length.

If A is the area of each circular turn of the salieip then the fluxpy passing through one turn is:

¢5 = (B)(4)
$p = Uon 1A
The magnetic flux passing through all thidurns is given by:
¢p = NponlA
If the current changes through the solenoid, themtagnetic flux also changes with respect toithe,ti.e.,
% = Nygn A%
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According to the Faraday’s law of electromagnetisine, induced

emfe is described as: o \\1 ]/‘f/ 7
P | 7
e==NHnAG ® WJ L
If L is the self inductance of the solenoid, then . !_" _T
d
e =-L% e %) L
Comparing (1) and (2), we get:
L=NumA

-.-Asn=¥ﬁN=nl
= L=mnDumA
=L =pmn?lA
This expression gives the self inductance of ansite
Inductance of atoroid
Let N is the number of turns in a toroid through curreist flowing andris mean radius of the toroid.
Let a and b are the inner and outer radii of tgroadpectively, and h is its_height.

The magnetic field produced at any point insideitbcan be find ‘out using expression:
_ HoNI
T 2nr

Let h dr = dA is the small area element, then-the magneticgassing through the small area element

will be:
d¢p =B dA
d¢g =B hdr
Integrating we get:
r=b
r=a

The magnetic flux passing through all N turns is:

r=b

r=b NI N%Ih (T=P q
¢B=f N(#O )hdr=#0 f il
- r - T

r=a 2 2 =a
_ HN%Ih ,  MoN?Ih
¢p = oy In|r|g = T(lnb —1Ina)
uoN?1 h b
¢p = —— In-
¢ _ poN*h . b
e 0

v g < I
By comparing (1) and (2), we get:
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So, the inductance of a toroid depends only on g#acal factors.

Inductorswith Magnetic Materials

When a magnetic fiel#, acts on a ferromagnetic material, then total magrield B is increased
which can be expressed as:

B = pu; By
Wherey, is the relative permeability of permeability comdtaf the magnetic material.

Similarly, the inductance of a coil is increasdddame magnetic material is placed inside the toil,
andL is the inductance with and without the magnetitemal, respectively, then:

L=ppLly e @)
Now the inductance of solenoid without magneticeriat is:

Lo = pon?l A
Putting values of,, in equation (1), we have:

L=y, pon?lA

The effective values of permeability constanfor a ferromagnetic material have the values irgean
of 103 to 10* . Therefore the inductance of a coil can be irsedeby a-factor of03 to 10* with the core of a

ferromagnetic substance.

Growth of Current in LR Circuit

Consider a series circuit of a resistacand inductance I_.
connected in series with a battery of engfs shown in the figure. Wy
When the switch is open, no current will flow thgbuthe i -
circuit. So attimg = 0,7 = 0. —'i L
When the switch is closed;. the current starts fiawi _:/3 - .
through the circuit. But due tosinductance, thisrent takes some S

time to get its maximum value. (During this perititg current is called transient current)
Initially, when the current is changing, the backfd. % appears across the inductance coil which dies away

with the passage of.time. And its value falls toozevhen the current is maximum.

Let V andV, are the values of potential drop across resist&naed inductancé, respectively. Then,
by applying:the Kirchhoff's rule:

e=Vr=V, =0

V., =¢e—-V;g

LS =e—IR

ar __ at

e—IR L

Multiplying both sides by R, we get:

-Rdl _  dt

e—IR L

Integrating between the limits,
Att=0,I=0;
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Att=tI=1 !
I -Rdl
= R
fo e—-IR f 8/1\’ ,,,,,,,,,,,,
InCe ~ 1R)ly =~ I}
E ,
R 0. (ﬂ_’F —_—— t=L/R

In(e — IR) — In(e) = 1 t ! |
| (s—IR) _ R . }

n £ T L t t

— R
€ IR = e(_ft)

R
IR = s—se(_ft)

N
IR =s<1— e(_%t)) Cb
1=% 1- e<_i) 6

Let 7, = = = Inductive time constant and— I, = Maximum Current Q\«

r=n(1- %) Q)

This is the equation of growth of current

Special Cases: ,&‘\\f‘ :

Attimet =1, (b;
=1, (1 - e(_%)) =I,(1—e = 10(1.—&)b

=063 I, ‘\,\

Att =o0 E
I=1y(1- e<—°°))—1 1— @,b?oa— 0)
i @
Inductive Time Constant

“Itistheint @'nme during which the current grows to 63 % of its maximum value”.

The graph shows h rent through the circaitdases exponentially.

R
I0 1—e S e — 1))

&@— IR = )R (1— e(- %t)) :g(l— e(‘gf)) .................. @)

i increases exponentially upto
Differentiating equation (1) with respect to timee get:

dl R (-2¢)
= ph(0- 1)

=>VL=L%= I,R S B O Q)

i.e.,V, decreases exponentially ugto

Z]
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Decay of Current in LR Circuit

When the S is connected to the b, as shown inigleeef the current start decaying exponentiallyhwit
time and becomes zero after some time.

If Vx andV, are the values of potential difference across rémistance R and inductance L,
respectively. Then by applying the Kirchhoff's Rule

Ve +V, =0

al
IR+LE—O

dal
2= IR
dt

dl

R
o B
I L

Integrating between the limits,
At t= O,I = IO;
Att=t1=1 — gl,

fl ﬂ:ft—RE
I

o I 0 L

R
(DI, = = lel§ | Wy

In(l) —In(ly)) =——1t

Lett, = % = Inductive time constant

t
1 = 10 e(_ﬁ)
This is the equation of decay of current.in an lifRut. )i

Special Cases: ER

Attimet =1,
t

1=104‘ﬁ)=4¢e*)=1¢03n

=037 I
Att = o0
1
1=h(é”“)=h(;)=h(® [
[=0

Inductive Time Constant
“Itistheinterval of time during which the current decaysto 63 % of its maximum value”.

(=)
As I=1Iye\ L/ e @
The potential difference acroBsis

R
m3=1R=1dee@ZQ

R
AT G L) @
Differentiating equation (1) with respect to timee get:
dl R (-E¢)
—_ = - — L
dt ploe
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Energy Stored in the Magnetic Field
Consider a resistor and an inductor is connectagiiies with a battery of eraf According to the

Kirchhoff's 2" rule;

E_VR_VLZO

EZVR+VL

e=IR+L %Y
dt

Multiplying both sides byI’, we have:
el =IPR+LI 4
dt
Hereel is the power supplied by the souréér is the power dissipated. in resistance and;—i is the

energy supplied per time in the inductance coilerglthe magnetic field also exists.

If Ugis the total energy stored in the magnetic fieldnofuctance:coil, then the energy stored per unit

time is:
dUyg dl
dr e
dUg = LI dI

Integrating both sides, we get:

Up I
AU, =fL1 dl
0 0

Ug = ! LI?
)
This is the expression of energy 'stored in the raign I
field of a current carrying inductor. This equatiersimilar to the AMA .E
expression of energy stored.in the electric fild oapacitor. R
1 ¢ I N
UE = —- — _-- 1
2 C € _
The energy stored in the inductor can be dissipttexligh / \
joule heating in.the resistor, in the similar wag &£nergy stored in - S .

the capacitor is dissipated through the joule heati the resistor during the discharging of a citpa

Energy Density
The energy density; in case of an inductor can be find out by usingression:
. __ Energy Stored
Energy Density = B —

If Ug is the energy stored in the magnetic field ofraductor of length having cross-sectional ardathen the

energy density in the expression will be:

Us T 7

AsUp = %le, therefore

/]
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(i) _ur

= =TT a1
In case of a current carrying coil, the inddcean be find out by
using expressiorn: = pyn?l A
_ (WenPlAI? pgn®l AI?
T T T4 T 241
B pon?1? B Lho*n2I?
=up=—— = o
The magnetic field strength
inside a current carrying coil is
B=pymnl T LB
52 -
=T 2 -
This expression is similar to the energy densityda the electric field of a capacitor, which ipesssed as:
g E?
Ug = 2

whereg, is the permittivity of free space aidis the electric
field strength inside the capacitor. ) Qe

Electromagnetic Oscillations (Qualitative discussion) -0 E

Consider an oscillating circuit which consists otapacitor s °
and an inductor. If the capacitor is initially chad and the
switch is then closed, we find that both the curnenthe

circuit and the charge on the capacitor oscillagdwben -z Q-0

maximum positive and negative values. If the rasist of
the circuit is zero, no energy is transformed terimal energy.

In the following analysis, we .neglect the resistarnic the

circuit. We also assume an idealized situation fictvenergy | 7 E P ‘

is not radiated away from the circuit. : | -(;:_3
When the capacitor is fully charged, the endygyin
the circuit is stored in the electric field of tbapacitor and is I —
equal to A f» ’
g = L e’ = i ‘
2 C L. @

At this time, the current in the circuit is zerand
therefore no energy is stored in the inductor. =0
Us =0 | > ; \
/ E :

As the switchs is closed, the capacitor begins to discharge

the energy stored in its electric field decrea3dé® discharge 9 ©)

.

x=0

of the capacitor represents a current in theuitirand hence some energy is now stored in thenetaxfield of

the inductor. Thus, energy is transferred from etextric field of the capacitor to the magnetiddief the
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inductor. When the capacitor is fully dischargedstores no energy. At this time, the current reaclis

maximum value, and all of the energy is storech@ihductor.

(UE)min = O’ (UB)max =

1
EL(Imax)z

The current continues in the same direction, dsangain magnitude, with the capacitor eventually
becoming fully charged again but with the polarify its plates now opposite the initial polarity. i¥hs
followed by another discharge until the circuitureis to its

original state of maximum chargg,,,. The energy continues tc Uk

oscillate between inductor and capacitor. Wherethergy stored \ N N N\ A .
in the capacitor is maximum, the energy storedniuctor is (qé';‘.a"')
minimum and vice versa. But the total enerdy= Uy + Uy V. V.V V t
remains constant. v
As the energy in such circuit is used to oscillzeéveen N P p—
capacitor and inductor, therefore, it is also chll®scillating [ LI2,.
0 T 3T 21 I

NS

LC Circuit: Electromagnetic Oscillations (Quantitative
analysis)
Let Uz andU; are the values of energy stored in the electeid fof capacitor and magnetic field of an
inductor, respectively.
So the total energ¥y stored in the circuit is:
U=Ug+Ug

1q¢%2 1
U=- —+=LI?
2 C * 2
Differentiating the above equation, we get
du df1 ¢*> 1
— = | = — _LIZ
dt dt|2 C +2 ]
U = cosntant

q dq dl
0= —+1LI —

c t+ dt
d dl
S Y ey
dt

= ar

a
C
dq
dt
q dq dq d (dq\
=Ta L-a-a(a)-"
dq 1q d (dq
= a E“'E(E)]‘O

For a block spring system, the differential equatib a mass spring system is:
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% + %x =0
The solution of this equation is:

X = Xy, cos(wt + @)
Wherex,, is the amplitude of oscillating mass spring systemd® is its initial phase. Similarly, the solution of
equation (1) will be:

q = qm cos(wt + @)

And
dq .
T T Wian sin(wt + @)
Lo e t+®
= Wiln cos(wt + @)

2
Putting the values af andZTZ in equation (1), we get:

— 2 _ 1]
qm cos(wt+<1>)[w == 0
1

=wl-—=0
YT e

This is the expression of frequency of the LC dirofielectromagnetic oscillations.
The energy stored in the electric field of a cajueids:
1q%2 1

= _= = 2
Ug > T=3 [qm cos(wt + @)]

Ug = L [g2 cos?(wt + @)]
E 2C m
The energy stored in the magnetic field of-an induwill be:
Up = 7 LI?

2

= Uy = 2[S9 L[ g costue + )
b =3k qr) T2k [gptam cosw + )

1
= Uy = EL[WZ q2, sin*(wt + @)]
rrtr ,
= Upg =§L [E Qs Sin (Wt+(;b)]
= U :i 2 sin?(wt + @)

B 2C Am

The total energy stored in the LC circuit is:

U—U—i—U—lzzt,“@iz'2 (o))
= Ug B—qucos (wt + @) + g5 sin“(wt + @)

2C
_1 2 2
U= > gm[cos®*(wt + @) + sin*(wt + @)]
1
U=§q72n

As theg,, is the maximum value of charged stored in the ciégra so the total energy stored in LC circuit is
constant.
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Damped and Forced Oscillations q

A resistance is always present in every real LCudir When q
m

we take this resistance into account, we find tlia¢ total

,_’
—
-l

electromagnetic energy is not constant but decseadth time as it is N A e
— ,

X =
dissipated as internal energy in the resistor. &aC circuit, the total \} \/

energyU of the circuit is described as:
U = UE + UB

WhereUy is the energy stored in the electric field of arged

capacitor and/; is the energy stored in the magnetic field of ctdu
2
U=1L 4l
2 C 2
Differentiating the above equation, we get

Z=2[ q—2+1L12] ------------------- @

de  dtlz ¢ 2

The total energy of LC circuit is no longer constant rather
Y= _2R
dt

Thus the equation (1) will become:

2
2 L4iL?|=-rr
dat 12 C 2
=24 %= 2R
C dt dt

_dq
Tdt

2

d d d (d d

:i_uL._q__(_Q):_(_q) R
C dt dt dt \dt dt

=G [t a @) =-G)"
= e+l (G) =GR

d?q
dt?

The general solution of the above equation will be:

= X944 p 499
dt C

Rt

q= qme(_ﬁ) cos(w't + @)

2
R
Herew' = |w (ZL)
The figure shows the charged stored on the capanitbdamped LC circuit as the function of tim&eTcurrent
decreases exponentially with time. Moreover thegdency w’ is strictly less than the frequeney of

undammed oscillations.

Forced Oscillations and Resonance
The RLC series circuit is similar to a mechanigaitem consisting of a simple harmonic oscillatoain

damping medium. The oscillating system consist aésm attached to a spring of spring constant
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If the frequency of the oscillator is equal to thatural frequency of systelg’:lq, the there will be

resonance and the amplitude of the oscillation pélimaximum. \

expressed as:

£=¢gncosw't /\/\
e

Whereg,, is the peak value of sinusoidal voltage. The eurfilewing through

In the similar way, ifw’ is the frequency of sinusoidal voltage sourcen ttie sinuan)%voltage is

the circuit will be: ( Tems (mA)
I =1, cos(w't — D) N
Wherel,, is the maximum value of sinusoidal current. Q Coap | R=35Q
If the angular frequency of external voltage sou'm‘ | to the 10— /\RQ T

natural frequencw = \/% of the circuit, then there will be r@@ nce amel t ©°8

maximum current will flow through the circuit. ‘9 0.0

The resistanc&k provides the damping-in the circuit. Greater tt 0.4
resistance, smaller will the current flow thr ugkv cuit. Such oscillations o2
which are produced in oscillating system arZ?%

9 10 11 12
®(Mrad/s)

[0

ded oscillations. | [ |

Growth of Current in RC SeriesCi

&. S ——'s
Q’Q BN I g

When the switcl$; is closed, keeping the switdy, the capacitor begins to charge and the voltage

across the capacitdf. begins to increase. L&; is the potential drop across the resistor, theagplying the
Kirchhoff's law:

S_VR_VCZO

q
Y
€ C
q
_1_p
£T T
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R (s_4
(e-2)
Multiplying equation by - % on both sides:
1
-—cda 1 it
_4y RC
(‘9 C)

Integrating the above equation, we get:

fq_%dq __iftdt
N

t

=q= eC(l—e(_ﬁ)>

Wheret, = RC is the capacitive time constant, therefore:
()

=>q=sC(1—e Tc) ------------------- D

Whent = oo, the capacitor will fully charged to its saturatiealueg,
_® 1 1

Qo= sC(l—e( Tc))= eC(1—e=)) = eC(l—e—w) =£C(1—;) =e&C

The equation (1) will become:

q=q (1 - e(_é) ) """""""""" @

Growth of Current
Differentiating equation (2) with respect to times get:

= o))

de  dt
1 ¢
I=0-gqq (_E) e(-7c)
= l@ e(_%)
R C
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a2
Il
™M

| ™

X = I()

0
q= sC(l—e(_T_c))= e€(1—e®)=eCc(1-1)
q=0
Att =1,

1= (1= 9) - -y ae(a-)

District [Xhushab
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