B. Sc. Physics (H.R.K) Chapter 29:a@ss’s Law

GAUSS'S LAW
29.1 Electric Flux

The number of electric lines of force passing ndiyrtarough a certain area is called
the electric flux. It is measured by the productacéa and the component of electric field
intensity normal to the area. It is denoted bysyn@bol®,.

Consider a surfaces™ placed in a uniform electric field of intensitg™ Let ‘A’ be
the vector area of the surface. The componerit pérpendicular to the arefiis Ecosf.as
shown in the figure below.

The electric flux through the surfageas given by
@, = A (Ecos0)
&, = EAcosf
&, =E.A 0 e Q)

»Ecosf

Thus the electric flux is the scalardarat of electric

2
field intensity and the vector area. The Sl unithaf electric flux isNCﬂ.

If the electric field is not uniform, then we dild the surface into number of small

patches each of ardd. Then equation (1) becomes,

n
@e == Z Ei' AAI
i=1

v _y
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1 a / AA
\ E /by E ¢ .0
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Whenn — oo, orAA — 0, then the sigma is replaced by the surface integral
b, = fs EdA @ s (2)
By convention, the outward flux is taken as pwesitand inward flux is taken as

negative.
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29.2 Gauss’s Law

Statement

. 1
The total electric flux through any close sue‘alsg— times the total charge
0

enclosed by the surface.
Explanation

The Gauss’s law gives the relation betweerl thita and total charge enclosed by
the surface. Consider a collection of positive aegative charges in a certain region of
space.

According to Gauss’s law,

&P, =q
whereq is the net charge enclosed by the surface.

But @, = § E.dA
eOfE.dAzq

ng.dA=i
€o

29.3 Differential Form of Gauss’s Law

If the charge is distributed into a volume havimgform volume charge densitp’,

then according to Gauss'’s law,

b=l
e =) P

$E.dA = giofvpdv ---------------------- (3)

We know that by Divergence theorem,
$E.dA== [ divEdv
Eq (3)becomes
J,divEdv = ifvp dv
fvdivEdv—éfvp dv=0
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. 1 _
J,(divE —;p)dv—O
As dv # 0

div E ! =0
v gop—

div E -
IWE = —
o P
This is differential form of Gauss’s law.
29.4 Integral Form of Gauss’s Law

According to Gauss’s law

®, = fEdA =2

€o
where g’ is the total charge enclosed.

If the charge is uniformly distributed into a volarhaving charge density’; then

1
b= $EAA= —[ pdv - 4)

If the charge is uniformly distributed over a seddhaving a surface charge density then

1
(DezgﬁE.dA:gfsadA ---------------------- (5)

Equation (4) and (5) are the integral form of Gauksw.

29.5 Applications of Gauss’s law

Gauss’s law can be used to calculate the eldatatintensity due to certain charge

distributions if the charge distribution has theager symmetry.

29.5.1 Electric Field due to Infinite Line of Charge
Consider a section of infinite line of charge mayvuniform linear charge density'*

as shown in the figure below.

We want to find out electric field intensity at apgint ‘P’ a’: 2

which is at distancer' from the wire. For this we conside

Gaussian
surface

N

15N

cylindrical Gaussian surface which passes througihtpP’. The & -

electric flux passing through the cylinder is givan

®, = §E.ds

b G S
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The surfaceS’ of the cylinder consist of three parts i.&.,5, and S5, where
S; = Area of top cross section of cylindrical Gausssarface
S, = Area of bottom cross section of cylindrical Ggiaa surface
S; = Area of curved part of Gaussian surface

Thus

D, = fsl E.ds + fsz E.ds + fs3 E.ds
Now
fsl E.ds = fsz E.ds = 0 becausé = 90°
And [ E.ds= [ E dsbecaus® =0’
Therefore
b, = fs3 Eds=E f53 ds ~ E is constant

For cylindrical symmetr)f53 ds =2nrh

@, = EQ2nrh) = 2nrh E = -sc-teoseemeeeeeeees (6)
By Gauss’s law

_a_4ih
Pe = =73 )
r=1
h
Comparing Eqg. (6) and (7), we get
Ah
2nrh E = —
€o
_ A
B 2TIreg
If * 7’ gives the direction of electric field intensityien
A
E = T e (8)
2WrEy

This expression gives the electric field intensitye to infinite line of charge.

29.5.2 Electric Field at a Point Due to Infinite Sket of Charge

Consider an infinite sheet of charge having coristarface charge density’. The
figure shows a small portion of such sheet.

We want to find electric field intensity at poir®’‘which is at the distance’ from

sheet. For this we consider a cylindrical Gaussiaiface as shown in the figure below.
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The net electric flux passing through the cylindegiven as

fEdA \

We divide the cylindrical Gaussian surface intetparts i.e§;, Qnd S3, where

6\)\!!!!!'
-
AN

S1 = Left cross sectional area of cylindrical Gaus@face
S, = Right cross sectional area of cylindrica surface
S5 = Area of curved of cylindrical Gau 51@ urface

Thus

= [, E.dA; + [, E dA@?@fSS E.dA;
Now f E.dA; =0 becaus%g7

Therefore

s, E dA{Q;{f?E dA,

In case o@%eeﬁl and S,, E & dA are parallel to each other i.6.,= 0° and

dA, = dA, @&
%; s, EdA+ [ EdA

Q&cb =E [ dA+ E [ dA

G,=EA+ EA=2EA oo (9)

According to Gauss’s law

~ E is constant

= fﬁE.dAzo——A ...................... (10)

€o
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Comparing Eq. (9) and (10), we get
2EA= 2
€0
o
E —_— 2_80
If * 7’ gives the direction of electric field intensityen
o

E = 2—807'

This is the expression of electric field intengitye to infinite sheet of charge.

29.5.3 Electric Field due to Spherical Shell of Chrge
Consider a thin spherical shell of radi®&s which have the chargey® with constant

surface charge density™ The surface charge density
q

o= —

A

q
472

o~ A= 4nr? (Surface area of sphere)

q=4nric U e (11)

Theorem 1: A uniform spherical shell of charge behees, for all external points, as if all
its charge were concentrated at.its center.
Proof:
Consider a pointP’ outside the shell. We want to find out electiigld intensity due
to this charge distribution. For this we considesgherical Gaussian surface of radius
r > R which passes through poirit’‘as shown in the figure below.

According to Gauss’s law,

FE.dA = L o "N
€0 / o . \\\
_ q . ",‘"‘ "/. f/_ i r /:\'\ __—
&E dA = g_ M | *i
0 ‘\v‘. \ \ J‘J‘ .
Angle between E and dA is zero \ 1 \ . . . - /
Efdi=] o

E(4mr?) = L
0

24
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1 q
4mey T2

Thus the uniform spherical shell of charge behdikes a point charge for all the
points outside the shell.
Theorem 2: A uniform spherical shell of charge exds no electrostatic force on a
charged particle placed inside the shell.

Consider a pointP’ inside the shell. We want to fine out electrieldi intensity E’ at
point ‘P’ due to this symmetrical charge distribution. Fbis we
consider a spherical Gaussian surface of radigs R which passes

through point P’ as shown in the figure below. /

According to Gauss’s law, .

fE.dA = L

€o

Because the Gaussian surface enclose no chargefotiee'’q = 0’,

§E.dA= 0

$EdAA= 0 = Angle between E and dA is zero

E$ dA=0 ~E\is constant
AsdA =+ 0, therefore

E=0

So the electric field does not exist inside a unifehell of charge. So the test charge
placed inside the charged shell would experienci®re.
29.5.4 Electric Field due to Spherical Charge
Case 1: When the-point P’ is outside the sphere of charge

Consider a spherical distribution of charge ofuadR’ with the uniform volume

charge densityg’. We want to find the electric field at poinP™ at a distance > R from
the center of charged sphere. For we consider arisph Gaussian surface which passes
through point P’ as shown in the figure below.

According to Gauss’s law,

_ 4
E.dA = 1 l

$E dAcos = L
&

0 E
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As the electric field is radial, so the electritek of force leave the Gaussian surface
normally at all points. Therefore, the electrieldi intensityE and surface area elemeth

are in same direction i.&4, = 0°.

—_ 4
gﬁE dA = o

E gﬁdA =4 =~ E is constant
€0
q
2y = L
E(4nr<) = o
1 q

- 47rgo -,-_2 ______________________ (12)

Thus for all points outside the spherical chargdriiution, the electric field has the
same value as if the charge is concentrated atethier of sphere.
Case 2: When the point P’ is inside the sphere of charge

Consider a spherical distribution of charge ofiuad
‘R’ with the uniform volume charge density’’ The total charge

in this uniform charge distribution is

_ 1
P=y
q= pV
4
q=p(3mR®) O e (13)

We want to find the electric field at poit’‘at a distancer < R from the center
of charged sphere. For this we consider a sphe@aaksian surface of which passes through

point P as shown.in-the figure below.

Let the Gaussian surface encloses the chgrge q given by

q = p(% nrd)  emmmmmmeeeeeeees (14)

Dividing eq. (12) and (13), we get

4
q p(3 mr3)
L3 —
p(3 mR?)
q rd
q R?
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3
’ r

=9 (15)

According to Gauss’s law

!
fE.dA = L
€o
!
SﬁE da=2L ~ E is directed radially outward
E 55 dA = — ~ E is constant \

E(4nr?) = —

E= -1 .% //\/\6

4mey 12

Putting the value of’ from eq. (14),

we get

Gaussian
surface

Er=R=—.L (16

4me,  R2

The equations (12) and (16) descritE (r= R) =—. LL ——

ame, R?

1 q
amey 12

the dependence of electric fiel

. . _ 1 T
strength as a function of radia E—WO-%*\

distance 7’ from the center of t

charge distribution, the fg@ka
representation of whi@ giver 0
below (2>

>

D [y S

29.6 D%uction of Coulomb’s Law from Gauss’s Law

&Qoulomb’s law can be deduced from Gauss’'s law munckrtain symmetry
c&sideration. Consider positive point chargé In order to apply the Gauss’s law, we
assume a spherical Gaussian surface as shownfiguine below.
Considering the integral form of Gauss’s law,

jéE.dA:i
€o
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Because the both vectoEs and dA are directed radially outward, so the quanfitydA

becomes simpli£ dA. Therefore,

E;O f¢; l; (114, = (I
As E is constant for all the points on the sphere,
goE 7€ dA =q

= For spherical symmetr§y dA = 4mr?
gE(4mr?) =q

1 q
4mey T2

Eq. (6) gives the magnitude of electric field mgy E_at any point which is at the
distance ’ from an isolated point chargeg’:

From the definition of electric field intensity gwknow that

F = qyE
Whereq, is the point charge placed at a point at whichvidae of electric field intensity has

to be determined. Therefore

1 qqo
ame, 12

This is the mathematical form of Coulomb’s law.
29.7 Prove that “An excess charge added to the istdd conductor moves entirely to its
outer surface. None of the-excess charge is foundthin the body of conductor”.

Consider anisolated conductor (lump of coppeihanging from a silk thread and
carrying a net positive charge ‘q’ as shown in figaire below.
The Gaussian surface lies inside the actual surfaicethe T

conductor:

Copper

Under the equilibrium conditions, the electricldienside surface
the conductor must be zero. If it were not so,fible would exert Gt
the force on conduction electrons and the intecoatents would o
be setup.

But there is no experimental evidence of such riate currents in isolated
conductors. And if the extra charge is added tcsthéace, it redistribute itself on the surface

in such a way that the electric field inside thadwactor vanish.

Written and composed by: Prof. Muhammad Ali Ma{dqvt. Degree College, Naushera, 03016775811



B. Sc. Physics (H.R.K) Chapter 29:a@ss’s Law

If E is zero everywhere inside the conductor, utstrbe zero at all the points of
Gaussian surface. This means that the flux thraaghssian surface must be zero. Gauss’s

law (@, = gi) then tells that the net charge inside the Ganssiagace must also be zero.
0

If the added charge is not inside the Gaussiafaseyrit can only be outside that

surface. And the added charge must lie on the botier surface of the conductor.

29.8 Prove that the formation of cavity by cuttinga natural material from the conductor

does not change the distribution charge or pattermf electric field.

Consider an isolated conductor hanging from a #ilkead
carrying a net positive chargel. Suppose a cavity is produce

inside the conductor as shown in the figure below.

Gaussian
surface
Copper
surface

We draw a Gaussian surface around the cavity enthie
conductor. Because E is zero inside the condutitere is no flux
though the Gaussian surface. So by Gauss’s lane teeno net charge inside the Gaussian

surface. So the total charge remains on the outéace of conductor.
29.9 The External Electric Field

The electric field outside a charged isolated cotal can be find out by Gauss’s

law by considering the cylindrical Gaussian surfaseshown in the

. E
figure below. \ W
— & N 3
The flux through the interior end cap is zero,samse E = 4 A ) 4
- +
0 for all interior -points of conductor. The flux rdugh the + +
+ +
cylindrical walls.is also zero because the line€adre parallel to v F
the surface. But the flux through the outer cap mot be zero. -

The total flux can then be calculated as

cpe:ng.dAz §£E.dA+ }gE.dA+ }g E.dA

oufer irz:ggr Cyls;lac}fsical
b, =EA+0+0=EA oo (18)
According to Gauss’s law
C=L=20 (19)
q=0A
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Comparing Eq. (8) and (9), we get
E==

€o
This showed that the electric field intensity ay @oint is doubled than the value of
E for an infinite sheet of charge.
A sheet of charge can be constructed by sprayiagges on one side of thin layer of
plastic. But if we want to charge a thin conductiager of same dimensions, then we must

have to provide twice amount of charge as comptaréoe case of an insulator sheet.

We can understand the electric field of a th _:_ R
+
conducting sheet by as shown in the figu s +
low. + +
belo E, < + 5 > + > E;
If we consider each face of th . . + . + . E
. R + Eg + R
conductor as a sheet of charge having elec + +
: . . . + +
field E = —, then electric fields in regions A + +
280
. . . . A + B + c
and C will reinforce each other. But in region [

the fields due to left and right fields will canarlt each other.

The electric field inside the region A and C is

g g
E=E + Ep = E-I_ a
o
F=a
The electric field inside the region B is
g g
E=E +Eg =5~

E=0
Hence, the interior of the conductor is charge feggon.
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